Some fractals associated with Cantor expansions  by Wang, Yi et al.
J. Math. Anal. Appl. 354 (2009) 445–450Contents lists available at ScienceDirect
Journal of Mathematical Analysis and Applications
www.elsevier.com/locate/jmaa
Some fractals associated with Cantor expansions✩
Yi Wang a, Zhixiong Wen a, Lifeng Xi b,∗
a Department of Mathematics, Huazhong University of Science and Technology, Wuhan 430074, PR China
b Institute of Mathematics, Zhejiang Wanli University, Ningbo, Zhejiang 315100, PR China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 9 January 2008
Available online 15 January 2009
Submitted by Y. Huang
Keywords:
Hausdorff dimension
Cantor expansion
Homogeneous Moran set
In this paper, we consider a class of fractals generated by the Cantor series expansions.
By constructing some homogeneous Moran subsets, we prove that these sets have full
dimension.
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1. Introduction
One of the most frequently applied operations of mathematics are series representation of real numbers. Galambos
(cf. [1]) introduced several representations of real numbers in terms of inﬁnite series including Cantor series expansion and
established many properties of these expansions.
In this paper, we consider a class of fractals according to some metric properties of Cantor series expansions and deter-
mine their Hausdorff dimensions.
Before we state our main theorem, let us recall some deﬁnitions and some known results.
Deﬁnition 1. Let Q = {qk} be a sequence of integers with qk  2. Suppose xk ∈ Z∩ [0,qk − 1] for all k, we call the represen-
tation
x =
∑
k1
xk
q1 · · ·qk ,
the Cantor series of x with respect to Q , if xk = 0 for inﬁnitely many values of k. We call the integers {xk}∞k=1 the digits of
this expansion.
By [1], if limsupk→∞ qk = +∞, then for almost all x ∈ [0,1], we have
limsup
k→∞
xk
qk
= 1 and lim inf
k→∞
xk
qk
= 0.
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S˘alát [2–4] has shown that if limsupk→∞ qk = +∞, then H has Lebesgue measure one. Let H∗ = H∗(q1,q2, . . .) denote the
set of all x ∈ [0,1) for which the sequence { xkqk }k is uniformly distributed in [0,1). S˘alát proved that the Lebesgue measure
of H∗ is one or zero according to
∑n
k=1 1qk = o(n) or not as n → ∞.
Let Nn(r, x) =∑kn,xk=r 1. S˘alát [5,6], Erdös and Rényi [7–9] discuss many properties of this sequence. Some rationality
and irrationality corresponding to Cantor expansions are discussed in [10,11]. For more details about Cantor expansions, the
readers are referred to [1].
Let A({xk/qk}∞k=1) denote the set of the all accumulation points of { xkqk }∞k=1. For a closed set D ⊂ [0,1], let
ED =
{
x ∈ [0,1]: x =
∑
k1
xk
q1 · · ·qk with xk ∈ Z ∩ [0,qk − 1] for all k and A
({xk/qk}∞k=1)= D
}
.
Now we are in the position to state our main results.
Theorem 1. If limk→∞ qk = +∞, then dimH ED = 1 for every closed set D ⊂ [0,1].
Here dimH denotes the Hausdorff dimension (cf. [12,13]). If we take D = {δ}, then we get the following corollary.
Corollary 1. Given 0 δ  1, let
Eδ =
{
x ∈ [0,1]: x =
∑
k1
xk
q1 · · ·qk with xk ∈ [0,qk − 1] ∩ Z and limk→∞
xk
qk
= δ
}
.
If limk→∞ qk = +∞, then dimH Eδ = 1.
Furthermore, if limsupk→∞ qk = +∞, we deﬁne
Λ =
∞⋂
m=1
{qn}nm.
For a closed set D ⊂ [0,1], we set Dˆ = D ∪ [⋃p∈Λ{0, 1p , . . . , p−1p }]. Then we have
Theorem 2. If the cardinality of Λ is ﬁnite, then dimH E Dˆ = 1 for any closed set D ⊂ [0,1].
The main technique of this paper is to construct a Moran subset of ED or E Dˆ such that this Moran subset has full
dimension one. Here the Moran set has been studied by Chinese Fractal School (cf. [14–18]).
2. Proof of theorems
2.1. Homogeneous Moran sets
Let {nk}k1 be a sequence of positive integers, and {ck}k1 a sequence of positive numbers satisfying nk  2, 0< ck < 1,
n1c1  η and nkck  1 (k 2), where η is a positive number.
For any k  1, let Dk = {(i1, . . . , ik): 1  i j  n j, 1  j  k}, D =⋃k0 Dk , and D0 = ∅. If σ = (i1, . . . , ik) ∈ Dk , τ =
( j1, . . . , jm) ∈ Dm , write
σ ∗ τ = (i1, . . . , ik, j1, . . . , jm).
Let |A| denote the diameter of subset A of R1.
Suppose that J is a closed interval of length δ.
The collection of closed subintervals F = { Jσ : σ ∈ D} of J has a homogeneous Moran structure, if
(1) J∅ = J ;
(2) For every k 0 and σ ∈ Dk,
Jσ∗1, Jσ∗2, . . . , Jσ∗(nk+1)
are subintervals of Jσ , with their interiors pairwise disjoint;
(3) For every k 1 and any σ ∈ Dk−1, 1 j  nk, we have
ck = | Jσ∗ j || Jσ | .
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E(F)=ˆ
⋂
k1
⋃
σ∈Dk
Jσ
a homogeneous Moran set determined by ( J , {nk}, {ck}). Let M = M( J , {nk}, {ck}) be the collection of homogeneous Moran
sets determined by ( J , {nk}, {ck}).
Lemma 1. (See [14].) Suppose E ∈ M = M( J , {nk}, {ck}). Then
dimH E  lim inf
k→∞
log2(n1 · · ·nk)
− log2(c1 · · · ck+1nk+1)
,
where dimH (·) denotes the Hausdorff dimension.
2.2. Proof of Theorem 1
Our main idea is to construct a homogeneous Moran subset of ED with Hausdorff dimension one.
Fixing the sequence {qk}∞k=1, let
εk = min{(log2 qk)
1
2 , [log2(q1 · · ·qk−1)] 12 }
log2 qk
, (2.1)
then we have
lim
k→∞
εk = 0, (2.2)
since εk  (log2 qk)
1
2
log2 qk
= 1
(log2 qk)
1
2
→ 0 as k → ∞.
By the assumption of Theorem 1 and Deﬁnition 1, we have limk→∞ qk = +∞ and
lim
k→∞
(q1 · · ·qk−1) lim
k→∞
2k−1 = +∞.
Thus
lim
k→∞
q−εkk = 0. (2.3)
Given δ ∈ [0,1], we deﬁne a sequence {Iδ,k} of intervals as follows
Iδ,k =
{ [δqk − q1−εkk − 2, δqk − 1], if δ ∈ [1/2,1];
[δqk, δqk + q1−εkk + 1], if δ ∈ [0,1/2).
(2.4)
Lemma 2. Suppose limk→∞ qk = +∞, and {εk}k, {Iδ,k}k are deﬁned as above. There exists some integer k0 > 0 such that for any
δ ∈ [0,1] and any k k0, we have
Iδ,k ⊂ [0,qk − 1] and #(Iδ,k ∩ Z) q1−εkk  2. (2.5)
Proof. First, we show that
Iδ,k ⊂ [0,qk − 1], (2.6)
for large k. In fact, when δ ∈ [1/2,1], we have
δqk − 1 qk − 1
for any k ∈ N, and by (2.3),
δqk − q1−εkk − 2
1
2
qk − q1−εkk − 2= qk
(
1
2
− q−εkk
)
− 2 0
for k large enough. When δ ∈ [0,1/2), note that δqk  0 for any k ∈ N and
δqk + q1−εkk + 1
1
2
qk + q1−εkk + 1= qk
(
1
2
+ q−εkk
)
+ 1< qk − 1
for k large enough by (2.3) again.
448 Y. Wang et al. / J. Math. Anal. Appl. 354 (2009) 445–450The second conclusion is trivial since
|Iδ,k| = q1−εkk + 1> 3 (2.7)
for large k. 
We choose a denumerable dense subset Δ = {δ1, δ2, . . . , δk, . . .} of D , and let {γn}n1 denote the sequence {δ1, δ1, δ2,
δ1, δ2, δ3, δ1, δ2, δ3, δ4, . . .}, i.e., for any positive integer k,
γ(k(k−1)/2+ j) = δ j for every j ∈ N ∩ [1,k]. (2.8)
Remark 1. If the cardinality of D is ﬁnite, we take Δ = D.
Suppose k0 is the integer mentioned in Lemma 2. Let
MD =
{
x ∈ [0,1]: x =
∑
k1
xk
q1 · · ·qk with xk ∈ Iγk,k ∩ [0,qk − 1] ∩ Z for all k k0
}
.
Then we have
Lemma 3. MD ⊆ ED .
Proof. It suﬃces to prove that for any x ∈ MD ,
A
({xk/qk}∞k=1)= D. (2.9)
Given x ∈ MD , by (2.4) the following estimation holds for each k 1:∣∣∣∣ xkqk − γk
∣∣∣∣ q−1k + q−εkk . (2.10)
For any δl ∈ Δ, we can select a subsequence {n(l)k }k1, such that γn(l)k = δl . Then by (2.3) and (2.10), the following holds
lim
k→∞
x
n(l)k
q
n(l)k
= δl. (2.11)
Because Δ is a dense subset of D , we have
A
({xk/qk}∞k=1)⊇ D. (2.12)
On the other hand, if x0 ∈ A({xk/qk}∞k=1), then there exists a subsequence {mk}k , such that
lim
k→∞
xmk
qmk
= x0. (2.13)
Since D is closed and∣∣∣∣ xmkqmk − γmk
∣∣∣∣< q−1mk + q−εmkmk → 0 as k → ∞, (2.14)
we deduce
x0 = lim
k→∞
xmk
qmk
= lim
k→∞
γmk ∈ D, (2.15)
which implies
A
({xk/qk}∞k=1)⊆ D. (2.16)
By (2.12) and (2.16), we complete the proof. 
Lemma 4. dimH MD = 1.
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nk = #
(
Iγk,k ∩ [0,qk − 1] ∩ Z
)
q1−εkk  2. (2.17)
And nk = qk( 2) for any k < k0. By (2.1), one can easily see
lim
k→∞
εk log2 qk
log2(q1 · · ·qk−1)
= 0. (2.18)
Using Lemma 1, (2.2), (2.17) and (2.18), we deduce
dimH MD  lim inf
k→∞
log2(n1 · · ·nk)
− log2(c1 · · · ck+1nk+1)
 lim inf
k→∞
log2(q1 · · ·qk0) + log2(q
1−ε(k0+1)
(k0+1) · · ·q
1−εk
k )
− log2[ 1q1 · · · 1qk+1 (q
1−εk+1
k+1 )]
= lim
k→∞
log2(q1 · · ·qk)
log2(q1 · · ·qk) + εk+1 log2 qk+1
= lim
k→∞
1
1+ εk+1 log2 qk+1log2(q1···qk)
= 1. 
Proof of Theorem 1. The conclusion of Theorem 1 follows immediately by Lemmas 3 and 4. 
2.3. Proof of Theorem 2
Recall that Λ =⋂∞m=1{qn}nm is assumed to be a ﬁnite set in Theorem 2. Let Ω = {k: qk /∈ Λ} be an index set. Then
lim
k∈Ω,k→∞
qk = +∞. (2.19)
For n ∈ Ω, let P (n) = #{m n: m ∈ Ω}.
We choose a denumerable dense subset Δ = {δ1, δ2, . . . , δk, . . .} of D , and let
γn =
{
δ1, if n /∈ Ω;
δ j, if n ∈ Ω and P (n) = k(k − 1)/2+ j with j ∈ N ∩ [1,k].
Let
ηk =
⎧⎨
⎩
0, if k /∈ Ω (i.e., qk ∈ Λ);
min{(log2 qk)
1
2 ,[log2(q1···qk−1)]
1
2 }
log2 qk
, if k ∈ Ω (i.e., qk /∈ Λ).
Therefore,
lim
k→∞
ηk log2 qk
log2(q1 · · ·qk−1)
= 0. (2.20)
Here
lim
k→∞
ηk = 0 (2.21)
since ηk = 0 for k /∈ Ω and for any k ∈ Ω (i.e., qk /∈ Λ), ηk  [log2 qk]−1/2 → 0 due to (2.19). For any δ ∈ [0,1] and k 1, we
deﬁne the closed interval Jδ,k by
Jδ,k =
⎧⎪⎨
⎪⎩
[0,qk − 1], if k /∈ Ω (i.e., qk ∈ Λ);
[δqk − q1−ηkk − 2, δqk − 1], if k ∈ Ω (i.e., qk /∈ Λ), δ ∈ [1/2,1];
[δqk, δqk + q1−ηkk + 1], if k ∈ Ω (i.e., qk /∈ Λ), δ ∈ [0,1/2).
For large index k ∈ Ω (i.e., qk /∈ Λ), then qk is large enough due to (2.19), and thus
log2 q
ηk
k = min
[
log2(qk)
1/2, log2(q1 · · ·qk−1)1/2
]
min
[
log2(qk)
1/2, log2
(
2k−1
)1/2]
,
which implies that q−ηkk is small enough. Then as in Lemma 2, there exists an integer k0 > 0 such that for any δ ∈ [0,1] and
any k ∈ Ω with k k0,
Jδ,k ⊂ [0,qk − 1] and #
(
Jδ,k ∩ [0,qk − 1] ∩ Z
)
 q1−ηkk  2. (2.22)
Note that (2.22) is also valid for any index k /∈ Ω (i.e., qk ∈ Λ), since Jδ,k = [0,qk − 1] and ηk = 0. Therefore (2.22) holds for
any δ ∈ [0,1] and any k k0.
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T Dˆ =
{
x ∈ [0,1]: x =
∑
k1
xk
q1 · · ·qk with xk ∈ Jγk,k ∩ [0,qk − 1] ∩ Z for all k k0
}
.
As in the proof of Lemma 3, one can show T Dˆ ⊂ E Dˆ . Furthermore, applying Lemma 1, (2.20), (2.21) and (2.22), we get
dimH T D˜ = 1.
This completes the proof of Theorem 2.
Example 1. Suppose qk = k + 1 for each k. Given δ ∈ [0,1], we consider the set
Eδ =
{
x ∈ [0,1]: x =
∑
k1
xk
(k + 1)! with xk ∈ [0,k] ∩ Z and limk→∞
xk
k + 1 = δ
}
.
Then by Theorem 1, we have dimH Eδ = 1.
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